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Abstract

Spectral methods of graph partitioning have beenshown to provide a pow-
erful approach to the imagesegmentation problem. In this paper, we adopt
a di�eren t approach, basedon estimating the isoperimetric constant of an
image graph. Our algorithm producesthe high quality segmentations and
data clustering of spectral methods, but with improved speedand stabilit y.

1 In tro duction

The application of graph theoretic methods to spatial pattern analysishas
a long history, including the pioneeringwork of Zahn [1] on minimal span-
ning tree clustering, the development of connectivity graph algorithms for
space-variant sensorsby Wallace et al. [2], and the seminalwork on image
segmentation, termed \Ncuts" by Shi and Malik [3]. One reasonfor this
interest is that the segmentation quality of Ncuts and other graph-basedseg-
mentation methods [4, 5, 6] is very good. However, there are several other
important advantagesof graph-basedsensorstrategies.

1.1 Motiv ation for using graph theoretic approac hes
in image pro cessing

There areat least four distinct reasonsto employ graph theoretic approaches
to imagesegmentation:

1. Local-global interactions are well expressedby graph theoretic algo-
rithms. Zahn [1] used a minimal spanning tree on a weighted graph
to illustrate Gestalt clustering methods. The term \Gestalt" derives
from early theoriesof visual psychologywhich attempted to relate local
and global featuresof visual stimuli in terms of \rules" which may be
best described assimplevariational principles (e.g., \b est completion",
etc.). Zahn's results were impressive for the time, coming at the very
beginnings of modern image processingand clustering. The central
reasonfor this success,we believe, is that the minimal spanning tree
de�nes a minimizing principle (e.g., a tree of minimal edgeweights)
which respects the global structure of the problem set, allowing a sim-
ple local rule (e.g.,cut the graphat peakvaluesof local density measure
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[1]) to e�ectiv ely cluster a set of feature vectors. Many graph theoretic
approaches involve the useof global and local information, as will be
made explicit later in the present paper. As Zahn originally pointed
out, the important notion of Gestalt in imageprocessing|the relation-
ship of the whole to the part|seems to be an important ingredient in
both biological and machine imageprocessing.

2. Newalgorithms for imageprocessingmay becrafted from the largecor-
pus of well-explored algorithms which have been developed by graph
theorists. For example, spectral graph partitioning was developed to
aid in designautomation of computers[7] and has provided the foun-
dation for the development of the Ncuts algorithm [3]. Similarly, graph
theoretic methods for solving lumped, Ohmic electrical circuits based
on Kirchho� 's voltage and current law [8, 9, 10, 11], form the basis
for the method proposed in this paper for solving the isoperimetric
problem.

3. Adaptive sampling and space-variant vision require a \connectivit y
graph" approach to allow imageprocessingon sensorarchitectureswith
space-variant visual sampling. Space-variant architectures have been
intensively investigated for application to computer vision for several
decades[2, 12] partly becausethey o�er extraordinary data compres-
sion. A sensor[12] employing a complex logarithmic visual sampling
function can provide equivalent peak resolution to the workspacesize
of a constant resolution sensorwith 10,000times the pixel count [13].
However, even simple space-variant architectures provide signi�cant
challengeswith regard to sensortopology and anti-aliasing. The con-
nectivity graph was proposedby Wallace et al. [2] as a generalalgo-
rithmic framework for processingthe data output from space-variant
sensors.This architecture describessensorpixelsby a speci�c neighbor-
hood connectivity as well as geometricposition. Using this approach,
a variety of imageprocessingalgorithms were de�ned on an arbitrary
pixel architecture, including spatial �ltering via the graph Laplacian.

4. New architectures for imageprocessingmay be de�ned that generalize
the traditional Cartesiandesign. Vision sensorsare generallybasedon
�xed size pixels with �xed rate clocks (i.e., they are space-invariant
and synchronous). The space-invariant pixel design, as noted above,
can lead to a huge ine�ciency when comparedto a spatially adaptive
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sensor(e.g., a foveal architecture). A similar issueholds for tempo-
ral sampling, indicating that biological systemsonceagain provide a
counterexampleto current engineeringpractice. Retinal sensorsarenot
synchronous, but are basedon an asynchronous \in tegrate and �re"
temporal design.They integrate the locally available intensity, and �re
whena �xed threshold is achieved. It is evident that this \just in time"
strategy for temporal samplingwill improve the averageresponsespeed
of the ensemble of sensors.Presumably, a slight di�erence in response
speedmay translate to a signi�cant di�erence in survival value. Just
as in the spatial case,the temporal domain can (and does,in animals)
exploit an adaptive, variable sampling strategy. In a computational
context, this suggeststhe useof graph theoretic data structures, rather
than pixels and clocks. In turn, the 
exible data structures basedon
graphs, which are familiar in computer graphics,have beenrelatively
unexploredin computer vision. The structure and algorithms of graph
theory provide a natural languagefor space-timeadaptive sensors.

1.2 Overview of Graph partitioning

The graph partitioning problem is to choosesubsetsof the vertex set such
that the sets sharea minimal number of spanning edgeswhile satisfying a
speci�ed cardinality constraint. Graph partitioning appearsin such diverse
�elds as parallel processing[14], solving sparselinear systems[15], VLSI
circuit design[16] and imagesegmentation [3, 17, 6, 5].

Methodsof graphpartitioning may takedi�eren t forms,dependingon the
number of partitions required, whether or not the nodes have coordinates,
and the cardinality constraints of the sets. In this paper, we use the term
partition to refer to the assignment of each node in the vertex set into two
(not necessarilyequal) parts. We proposea partitioning algorithm termed
isoperimetric partitioning , sinceit is derived and motivated by the equa-
tions de�ning the isoperimetric constant (to be de�ned later). Isoperimetric
partitioning doesnot requirecoordinate information about the graph and al-
lowsoneto �nd partitions of an \optimal" cardinality insteadof a prede�ned
cardinality. The isoperimetric algorithm most closelyresemblesspectral par-
titioning in its useand abilit y to createhybrids with other algorithms (e.g.,
multilevel spectral partitioning [18], geometric-spectral partitioning [19]), but
requiresthe solution to a large,sparsesystemof equations,rather than solv-
ing the eigenvector problem for a large, sparsematrix. In this paper we will
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develop the isoperimetric algorithm, prove someof its properties, and apply
it to problemsin data clustering and imagesegmentation.

1.3 The Isop erimetric Problem

Graph partitioning hasbeenstrongly in
uenced by properties of a combina-
torial formulation of the classicisoperimetric problem: Find a boundary of
minimum perimeter enclosingmaximal area.

De�ne the isoperimetric constan t h of a manifold as [20]

h = inf
S

j@Sj
VolS

; (1.1)

where S is a region in the manifold, VolS denotesthe volume of region S,
j@Sj is the area of the boundary of region S, and h is the in�m um of the
ratio over all possibleS. For a compact manifold, VolS � 1

2VolTotal , and for
a noncompactmanifold, VolS < 1 (see[21, 22]).

Weshow in this paper that the set (and its complement) for which h takes
a minimum value de�nes a good heuristic for data clustering and imageseg-
mentation. In other words,�nding a regionof an imagethat is simultaneously
both large (i.e., high volume) and that sharesa small perimeter with its sur-
roundings (i.e., small boundary) is intuitiv ely appealing as a \good" image
segment. Therefore, we will proceedby de�ning the isoperimetric constant
on a graph,proposinga newalgorithm for approaching the setsthat minimize
h, and demonstrateapplications to data clustering and imagesegmentation.

2 The Isop erimetric Partitioning Algorithm

A graph is a pair G = (V; E) with vertices (nodes) v 2 V and edgese 2
E � V � V. An edge,e, spanning two vertices, vi and vj , is denoted by
eij . Let n = jV j and m = jE j where j � j denotescardinality. A weighted
graph has a value (typically nonnegative and real) assignedto each edge
called a weight . The weight of edgeeij , is denotedby w(eij ) or wij . Since
weighted graphs are more generalthan unweighted graphs (i.e., w(eij ) = 1
for all eij 2 E in the unweighted case),we will develop all our results for
weighted graphs. The degree of a vertex vi , denoteddi is

di =
X

eij

w(eij ) 8 eij 2 E: (2.1)
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For a graph, G, the isoperimetric constan t [21], hG is

hG = inf
S

j@Sj
VolS

; (2.2)

whereS � V and
VolS �

1
2

VolV : (2.3)

In graphswith a �nite node set, the in�m um in (2.2) becomesa minimum.
Sincewe will be computing only with �nite graphs, we will henceforth use
a minimum in placeof an in�m um. The boundary of a set, S, is de�ned as
@S = f eij ji 2 S; j 2 Sg, whereS denotesthe set complement, and

j@Sj =
X

eij 2 @S

w(eij ): (2.4)

In order to determinea notion of volumefor a graph, a metric must bede-
�ned. Di�eren t choicesof a metric lead to di�eren t de�nitions of volumeand
evendi�eren t de�nitions of a combinatorial Laplacianoperator (see[22,23]).
Dodziuk suggested[24, 25] two di�eren t notions of combinatorial volume,

VolS = jSj; (2.5)

and
VolS =

X

i

di 8 vi 2 S: (2.6)

The combinatorial isoperimetric constant basedon equation(2.5) is what
Shi and Malik call the \Av erageCut" [3]. The matrix usedin the Ncuts al-
gorithm to �nd imagesegments corresponds to the combinatorial Laplacian
matrix under the metric de�ned by (2.6). Traditional spectral partitioning
[26] employs the samealgorithm asNcuts, exceptthat it usesthe combinato-
rial Laplacian matrix de�ned by the metric associated with (2.5). In agree-
ment with [3], we �nd that the secondmetric (and hence,volumede�nition)
is more suited for imagesegmentation sinceregionsof uniform intensity are
given preferenceover regionsthat simply possessa large number of pixels.
Therefore,we will useDodziuk's secondmetric de�nition and employ volume
as de�ned in equation (2.6).

For a given set, S, we term the ratio of its boundary to its volume the
isoperimetric ratio , denotedby h(S). The isoperimetric sets for a graph,
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G, areany setsS and S for which h(S) = hG (note that the isoperimetric sets
may not be unique for a given graph). The speci�cation of a set satisfying
equation(2.3), togetherwith its complement may beconsideredasa partition
and thereforewe will usethe term interchangeablywith the speci�cation of
a set satisfying equation (2.3). Throughout this paper, we considera good
partition as one with a low isoperimetric ratio (i.e., the optimal partition is
represented by the isoperimetric sets themselves). Therefore,our goal is to
maximize VolS while minimizing j@Sj. Unfortunately, �nding isoperimetric
sets is an NP-hard problem [21]. Our algorithm is therefore a heuristic for
�nding a set with a low isoperimetric ratio that runs in polynomial time.

2.1 Deriv ation of Isop erimetric Algorithm

De�ne an indicator vector, x, that takesa binary value at each node

x i =

(
0 if vi 2 S;

1 if vi 2 S:
(2.7)

Note that a speci�cation of x may alsobe consideredas a partition.
De�ne the n � n matrix, L , of a graph as

L vi vj =

8
><

>:

di if i = j ;

� w(eij ) if eij 2 E;

0 otherwise:

(2.8)

The notation L vi vj is usedto indicate that the matrix L is being indexedby
verticesvi and vj . This matrix is alsoknown as the admittance matrix in
the context of circuit theory or the Laplacian matrix (see,[27] for a review)
in the context of �nite di�erence methods (and in the context of [24]).

By de�nition of L,
j@Sj = xT Lx; (2.9)

and VolS = xT d, where d is the vector of node degrees. If r indicates the
vector of all ones,maximizing the volume of S subject to VolS � 1

2VolV =
1
2r T d may be doneby assertingthe constraint

xT d =
1
2

r T d: (2.10)
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Thus, the isoperimetric constant (2.2) of a graph, G, may be rewritten in
terms of the indicator vector as

hG = min
x

xT Lx
xT d

; (2.11)

subject to (2.10). Given an indicator vector, x, then h(x) is usedto denote
the isoperimetric ratio associated with the partition speci�ed by x.

The constrainedoptimization of the isoperimetric ratio is madeinto a free
variation via the introduction of a Lagrangemultiplier � [28] and relaxation
of the binary de�nition of x to take nonnegative real valuesby minimizing
the cost function

Q(x) = xT Lx � �( xT d �
1
2

r T d): (2.12)

SinceL is positive semi-de�nite (see,[29, 30]) and xT d is nonnegative, Q(x)
will beat a minimum for any critical point. Di�eren tiating Q(x) with respect
to x yields

dQ(x)
dx

= 2Lx � � d: (2.13)

Thus, the problem of �nding the x that minimizesQ(x) (minimal partition)
reducesto solving the linear system

2Lx = � d: (2.14)

Henceforth, we ignore the scalar multiplier 2 and the scalar � since,as we
will seelater, we are only concernedwith the relative valuesof the solution.

Unfortunately, the matrix L is singular: all rows and columns sum to
zero (i.e., the vector r spansits nullspace), so �nding a unique solution to
equation (2.14) requiresan additional constraint.

We assumethat the graph is connected,sincethe optimal partitions are
clearly each connectedcomponent if the graph is disconnected(i.e., h(x) =
hG = 0). Note that in general,a graph with c connectedcomponents will
correspond to a matrix L with rank (n � c) [29]. If we arbitrarily designate
a node, vg, to include in S (i.e., �x xg = 0), this is re
ected in (2.14) by
removing the gth row and column of L, denotedby L 0, and the gth row of x
and d, denotedby x0 and d0, such that

L0x0 = d0; (2.15)

which is a nonsingularsystemof equations.
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Solving equation (2.15) for x0 yields a real-valued solution that may be
converted into a partition by setting a threshold (seebelow for a discussion
of di�eren t methods). In order to generatea clustering or segmentation
with more than two parts, the algorithm may be recursively applied to each
partition separately, generatingsubpartitions and stopping the recursion if
the isoperimetric ratio of the cut fails to meeta predeterminedthreshold. We
term this predeterminedthreshold the stop parameter and note that since
0 � h(x) � 1, the stop parameter should be in the interval (0; 1). Since
lower valuesof h(x) correspond to moredesirablepartitions, a stringent value
for the stop parameter is small, while a large value permits lower quality
partitions (as measuredby the isoperimetric ratio). In Appendix 1 we prove
that the partition containing the node corresponding to the removed row
and column of L must be connected,for any chosenthreshold i.e., the nodes
corresponding to x0 valueslessthan the chosenthreshold form a connected
component.

2.2 Circuit analogy

Equation (2.14) also occurs in circuit theory when solving for the electrical
potentials of an ungroundedcircuit in the presenceof current sources[10].
After groundinga node in the circuit (i.e., �xing its potential to zero),deter-
mination of the remainingpotentials requiresa solution of (2.15). Therefore,
we refer to the node, vg, for which we set xg = 0 as the ground node.
Likewise,the solution, x i , obtained from equation (2.15) at node vi , will be
referredto asthe poten tial for nodevi . The needfor �xing an xg = 0 to con-
strain equation (2.14) may be seennot only from the necessity of grounding
a circuit poweredonly by current sourcesin order to �nd unique potentials,
but also from the need to provide a boundary condition in order to �nd a
solution to Laplace'sequation, of which (2.14) is a combinatorial analog. In
our case,the \b oundary condition" is that the grounded node is �xed to
zero.

De�ne the m � n edge-node incidence matrix as

Aeij vk =

8
><

>:

+1 if i = k;

� 1 if j = k;

0 otherwise;

(2.16)

for every vertex vk and edgeeij , where eij has beenarbitrarily assignedan
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orientation. As with the Laplacian matrix, Aeij vk is used to indicate that
the incidencematrix is indexed by edgeeij and node vk . As an operator,
A may be interpreted as a combinatorial gradient operator and AT as a
combinatorial divergence[31, 11].

De�ne the m � m constitutiv e matrix , C, as the diagonalmatrix with
the weights of each edgealong the diagonal.

As in the familiar continuoussetting, the combinatorial Laplacianis equal
to the composition of the combinatorial divergenceoperator with the com-
binatorial gradient operator, L = AT A. The constitutive matrix de�nes a
weighted inner product of edgevaluesi.e., hy; Cyi for a vector of edgevalues,
y [11, 10]. Therefore, the combinatorial Laplacian operator generalizesto
the combinatorial Laplace-Beltrami operator via L = AT CA. The caseof a
uniform (unit) metric, (i.e., equally weighted edges)reducesto C = I and
L = AT A. Removing a column of the incidencematrix produceswhat is
known as the reduced incidence matrix , A0 [32].

With this interpretation of the notation used above, the three funda-
mental equationsof circuit theory (Kirc hho� 's current and voltage law and
Ohm's law) may be written for a groundedcircuit as

AT
0 y = f (Kirc hho� 's Current Law); (2.17)

Cp = y (Ohm's Law); (2.18)

p = A0x (Kirc hho� 's Voltage Law); (2.19)

for a vector of branch currents, y, current sources,f , and potential drops
(voltages),p. Note that there are no voltagesourcespresent in this formula-
tion. Thesethree equationsmay be combined into the linear system

AT
0 CA0x = L 0x = f ; (2.20)

sinceAT CA = L [29].
In summary, the solution to equation(2.15) in the isoperimetric algorithm

is provided by the steadystate of a circuit whereeach edgehasa conductance
equal to the edgeweight and each node is attached to a current sourceof
magnitude equal to the degree(i.e., the sum of the conductancesof incident
edges)of the node. The potentials that are establishedon the nodesof this
circuit are exactly those which are being solved for in equation (2.15). An
exampleof this equivalent circuit is displayed in Figure 2.1.

One �nal remark on the circuit analogy to (2.15) follows from recalling
Maxwell's principle of least dissipation of power: A circuit with minimal
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(a) (b)

Figure 2.1: An exampleof a simple graph and its equivalent circuit. Solving
equation (2.15) (using the node in the lower left asground) for the graph in
(a) is equivalent to connectingthe circuit in (b) and readingo� the potential
valuesat each node.
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power dissipation providesa solution to Kirchho� 's current and voltage laws
[33]. Explicitly , solving equation (2.15) for x is equivalent to solving the
dual equation for y = CAx. The power of the equivalent circuit is P =
I 2R = yT C � 1y subject to the constraint from Kirchho� 's law that AT y = f .
Therefore,the y found by y = CAx alsominimizes the above expressionfor
y [11, 34]. Thus, our approach to minimizing the combinatorial isoperimetric
ratio is identical to minimizing the power of the equivalent electrical circuit
with the speci�ed current sourcesand ground [11].

2.3 Algorithmic details

Cho osing edge weights

In order to apply the isoperimetric algorithm to partition a graph, the posi-
tion values(for data clustering) or the imagevalues(for imagesegmentation)
must be encoded on the graph via edgeweights. De�ne the vector of data
changes,cij , as the Euclidean distance between the scalar or vector �elds
(e.g., coordinates, image RGB channels,image grayscale,etc.) on nodesvi

and vj . For example, if we represent grayscale intensities de�ned on each
node with vector b, then c = Ab. We employ the weighting function [3]

wij = exp(� � cij ) ; (2.21)

where � represents a parameterwe call scale . In order to make one choice
of � applicable to a wide range of data sets, we have found it helpful to
normalize the vector c.

Cho osing Partitions from the Solution

The binary de�nition of x was extended to the real numbers in order to
solve (2.15). Therefore, in order to convert the solution, x, to a partition, a
subsequent step must be applied (as with spectral partitioning). Conversion
of a potential vector to a partition may be accomplishedusing a threshold.
A cut value is a value, � , such that S = f vi jx i � � g and S = f vi jx i > � g.
The partitioning of S and S in this way may be referred to as a cut . This
thresholdingoperation createsa partition from the potential vector, x. Note
that since a connectedgraph corresponds to an L 0 that is an M-matrix
[30], and is therefore monotone, L � 1

0 � 0. This result then implies that
x0 = L � 1

0 d0 � 0.
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Figure 2.2: Dumbbell graph with uniform weights

Employing the terminology of [35], the standardapproachesto cutting the
indicator vector in spectral partitioning are to cut basedon the medianvalue
(the median cut ) or to choosea thresholdsuch that the resulting partitions
have the lowest available isoperimetric ratio (the ratio cut ). The ratio cut
method will clearly producepartitions with a lower isoperimetric ratio than
the median cut. Unfortunately, becauseof the required sorting of x, the ra-
tio cut method requiresO(n log(n)) operations(assuminga boundeddegree).
The median cut method runs in O(n) time, but forcesthe algorithm to pro-
duceequal sizedpartitions, even if a better cut could be realizedelsewhere.
Despite the requiredsorting operation for the ratio cut, the operation is still
very inexpensive relative to the solution of equation (2.15) for the range of
n we focuson (typically 128� 128to 512� 512images).Therefore,we have
chosento employ the ratio cut method.

Ground node

We will demonstratethat, in the imageprocessingcontext, the ground node
may be viewed from an attentional standpoint. However, in the moregeneral
graph partitioning context it remains unclear how to choose the ground.
Andersonand Morley [36] proved that the spectral radius of L, � (L), satis�es
� (L) � 2dmax , suggestingthat groundingthe nodeof highestdegreemay have
the most bene�cial e�ect on the conditioning of equation(2.15). Empirically,
wehavefound that aslongasthe groundis not alongthe idealcut, a partition
with a low isoperimetric ratio is produced.

Figure 2.3 illustrates this principle using the dumbbell shape (in Figure
2.2) discussedin Cheeger'sseminal paper [20] on the relationship of the
isoperimetric constant and the eigenvalues of the Laplacian on continuous
manifolds. The left column (i.e., (a), (c), (e), and (g) in Figure 2.3) shows
the potentials, x, solved for using (2.15). The brightest node on the graph
represents the ground node. For the rest of the nodes, bright nodes are
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closerto ground (i.e., have lower potentials) and dark nodesare further from
ground. The right column (i.e., (b), (d), (f ), and (h) in Figure 2.3) shows the
post-thresholdfunction wherethe ratio cut method hasbeenemployed. The
top two rows indicate a random selectionof ground nodesand the bottom
two represent pathological choicesof ground nodes. Of the two pathological
cases,the third row example(i.e., (e) and (f ) in Figure 2.3) usesa ground in
the exact center of the neck, while the last row takesground to be onenode
over from the center. Although the grounding in the exact center produces
a partition that doesnot resemble the known ideal partition, grounding one
node over producesa partition that is nearly the sameasthe ideal, asshown
in the fourth row example(i.e., (g) and (h) in Figure 2.3). This illustrates
that the solution is largely independent of the choiceof ground node, except
in the pathologicalcasewherethe ground is on the ideal cut. Moreover, it is
clear that choosing a ground node in the interior of the balls is better than
choosinga point on the neck, which corresponds in somesenseto our above
rule of choosingthe point with maximum degreesincea node of high degree
will be in the \in terior" of a region,or in an areaof uniform intensity in the
context of imageprocessing.

Solving the System of Equations

Solving equation (2.15) is the computational core of the algorithm. It re-
quires the solution to a large sparsesystem of symmetric equationswhere
the number of nonzeroentries in L will equal2m.

Methodsfor solvinga systemof equationfall generallyinto two categories:
direct and iterativ e methods [37, 38, 30]. The former are generallybasedon
Gaussianelimination with partial pivoting while for the latter, the method of
conjugategradients is arguably the best approach. Iterativ e procedureshave
the advantage that a partial answer may be obtained at intermediate stages
of the solution by specifying a limit on the number of iterations allowed.
This feature allows one to trade speed for accuracy in �nding a solution.
An additional feature of using the method of conjugate gradients to solve
equation (2.15) is that it may lend itself to e�cien t parallelization [39, 40].
In this work, we usedthe sparsematrix packagein TM MATLAB [41] to �nd
direct solutions.
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(a) (b)

(c) (d)

(e) (f )

(g) (h)

Figure 2.3: An exampleof the e�ects on the solution with di�eren t choicesof
ground node for a problem with a trivial optimal partition. The left column
shows the potential function (brightest point is ground) for several choices
of ground while the right column shows thresholded partitions. Uniform
weights (� = 0) wereemployed.
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Time Complexit y

Running time dependsmainly on the solution to equation (2.15). A sparse
matrix-vector operation depends on the number of nonzero values, which
is, in this case,O(m). If we may assumea constant number of iterations
required for the convergenceof the conjugate gradients method, the time
complexity of solving (2.15) is O(m). Cutting the potential vector with
the ratio cut requiresa O(n log(n)) sort. Combined, the time complexity is
O(m + n logn). In casesof graphs with bounded degree,then m � ndmax

and the time complexity reducesto O(n log(n)). If a constant recursiondepth
may beassumed(i.e., a consistent number of \ob jects" in the scene),the time
complexity is unchanged.

Summary of the algorithm

Applying the isoperimetric algorithm to data clustering or imagesegmenta-
tion may be described in the following steps:

1. Find weights for all edgesusing equation (2.21).

2. Build the L matrix (2.8) and d vector.

3. Choosethe nodeof largestdegreeasthe groundnode,vg, anddetermine
L0 and d0 by eliminating the row/column corresponding to vg.

4. Solve equation (2.15) for x0.

5. Threshold the potentials x at the value that gives partitions corre-
sponding to the lowest isoperimetric ratio.

6. Continue recursionon each segment until the isoperimetric ratio of the
subpartitions is larger than the stop parameter.

2.4 Relationship to Spectral Partitioning

Building on the early work of Fiedler [42, 43, 44], Alon [45, 46] and Cheeger
[20], who demonstratedthe relationship betweenthe secondsmallesteigen-
valueof the Laplacianmatrix (the Fiedler value) for a graphand its isoperi-
metric constant, spectral partitioning was one of the �rst successfulgraph
partitioning algorithms [7, 26]. The algorithm partitions a graph by �nding
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the eigenvector corresponding to the Fiedler value, termed the Fiedler vec-
tor , and cutting the graphbasedon the valuein the Fiedler vector associated
with each node. Like isoperimetric partitioning, the output of the spectral
partitioning algorithm is a set of valuesassignedto each node, which require
cutting in order to generatepartitions.

Spectral partitioning may beused[26] to minimize the isoperimetric ratio
of a partition by solving

Lz = �z ; (2.22)

with L de�ned asaboveand � representing the Fiedler value. Sincethe vector
of all ones, r , is an eigenvector corresponding to the smallest eigenvalue
(zero) of L, the goal is to �nd the eigenvector associated with the second
smallest eigenvalue of L. Requiring zT r = 0 and zT z = n may be viewed
as additional constraints employed in the derivation of spectral partitioning
to circumvent the singularity of L (see, [47] for an explicit formulation of
spectral partitioning from this viewpoint). Therefore, one way of viewing
the di�erence betweenthe isoperimetric and the spectral methods is in terms
of the choice of an additional constraint that allows one to circumvent the
singular nature of the Laplacian L.

In the context of spectral partitioning, the indicator vector z is usually
de�ned as

zi =

(
� 1 if vi 2 S;

+1 if vi 2 S;
(2.23)

such that z is orthogonal to r , for jSj = 1
2 jV j. The two de�nitions of the

indicator vector (equations(2.7) and (2.23)) arerelated through x = 1
2(z+ r ).

Sincer is in the nullspaceof L, the de�nitions are equivalent up to a scaling.
The Ncuts algorithm of Shi and Malik [3] is essentially the spectral par-

titioning algorithm, except that the authors implicitly choosethe metric of
[25] to de�ne a combinatorial Laplacian matrix rather than the metric of [24]
typically usedto de�ne the Laplacian in spectral partitioning. Speci�cally,
the Ncuts algorithm requiresthe solution of

D � 1
2 LD � 1

2 z = �z ; (2.24)

whereD = diag(d). Therefore,although the spectral and Ncuts algorithms
producedi�eren t results when applied to a speci�c graph, they sharemany
theoretical properties.

Despite the remarkable successof spectral partitioning [26], it has been
pointed out that there are somesigni�cant problems. Guattery and Miller
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(a)

(b)

Figure 2.4: The \roach" graph (n = 20) illustrated here is a member of a
family of graphs for which spectral partitioning is known to fail to produce
a partition with low isoperimetric ratio. Uniform weights wereusedfor both
algorithms. (a) Solution using isoperimetric algorithm. Ratio = 0.1. (b)
Solution using spectral algorithm. Ratio = 0.5.

[48] proposedfamilies of graphs for which spectral partitioning fails to pro-
duce the best partition. One of theseis the \roach" graph shown in Figure
2.4. This graph will always be partitioned by the spectral method into two
symmetrical halves(using the mediancut), which yields a suboptimal parti-
tion relative to the minimum isoperimetric ratio criterion. For a roach with
an equalnumber of \b ody" and \antennae" segments, the spectral algorithm
will always producea partition with j@Sj = �( n) (where �() is the function
of [49]) instead of the constant cut set of two edgesobtained by cutting the
antennae from the body. Teng and Spielman [35] demonstrated that the
spectral approach may be madeto correctly partition the roach graph if ad-
ditional processingis performed. The partitions obtained from the spectral
and isoperimetric algorithms when applied to the roach graph are compared
in Figure 2.4. The solution for the spectral method was obtained from the
MESHPART toolbox written by Gilbert, Miller and Teng[50]. This example
demonstratesthat the isoperimetric algorithm performs in a fundamentally
di�eren t manner from the spectral method and, at least in this case,outper-
forms it signi�cantly.

A seconddi�erence is that the isoperimetric method requiresthe solution
of a sparselinear systemrather than the solution to the eigenvalue problem
required by spectral methods of imagesegmentation [3, 5, 4]. The Lanczos
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algorithm provides an excellent method for approximating the eigenvectors
corresponding to the smallestor largest eigenvaluesof a matrix with a time
complexity comparableto the conjugategradient method of solving a sparse
systemof linear equations[37]. However, solution to the eigenvector prob-
lem is lessstable to minor perturbations of the matrix than the solution to a
systemof linear equations,if the desiredeigenvector correspondsto an eigen-
value that is very closeto other eigenvalues(see,[37]). In fact, for graphs
in which the Fiedler value has algebraic multiplicit y greater than one the
eigenvector problem is degenerateand the Lanczosalgorithm may converge
to any vector in the subspacespannedby the Fiedler vectors (if it converges
at all). A squarelattice with uniform weights is an exampleof a graph for
which the Fiedler value has algebraic multiplicit y greater than unity, as is
the fully connectedgraph with uniform weights (seeAppendix 3). The au-
thors of [51] raiseadditional concernsabout the Lanczosmethod. Appendix
2 formally comparesthe sensitivity of the isoperimetric, spectral and Ncuts
algorithms to a changingedgeweight.

3 Applications

3.1 Clustering applied to examples used by Zahn

When humans view a point cluster, certain groupings immediately emerge.
The properties that de�ne this grouping have beendescribed by the Gestalt
school of psychology . Unfortunately, these descriptions are not precisely
de�ned and therefore �nding an algorithm that can group clusters in the
sameway has proven very di�cult. Zahn used his minimal spanning tree
idea to try to capture theseGestalt clusters[1]. To this end,he establisheda
collection of point setswith clear cluster structure (to a human), but which
are di�cult for a singlealgorithm to group.

We stochastically generatedpoint clusters to mimic the challengesZahn
issuesto automatic clustering algorithms. For a set of points, it is not im-
mediately clear how to choosewhich nodesare connectedby edges.In order
to guarantee a connectedgraph, but still make useof local connections,we
generatedan edgeset from the Delaunay triangulation of the points. Edge
weights were generatedas a function of Euclidean geometricdistance,as in
equation (2.21).

The clusters and partitions are shown below in Figure 3.5. Each parti-
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Figure 3.5: An exampleof partitioning the Gestalt-inspired point set chal-
lengesof Zahn using the isoperimetric algorithm. The x's and o's represent
points in di�eren t partitions. � = 50.

tion is represented by a symbol, with the `x's and `o's indicating the points
belongingto the samepartition. Partitions weregeneratedusing the median
cut on a singlesolution to (2.15). Ground nodeswerechosenusing the max-
imum degreerule discussedabove. Of theseclusters, it is shown in Figure
3.5 that the algorithm performsasdesiredon all groupsexcept the problem
in the secondrow of the secondcolumn that requiresgrouping into lines.

3.2 Metho ds of image segmentation

As in the caseof point clustering, it is not clear, a priori , how to imposea
graph structure on an image. Sincepixels de�ne the discreteinput, a simple
choice for nodes is the pixels and their values. Traditional neighborhood
connectivity employs a 4-connectedor 8-connectedtopology [52]. Another
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approach, takenby Shi and Malik [3] is to usea fully connectedneighborhood
within a parameterizedradius of each node. We choseto usea minimal 4-
connectedtopology since the matrix L becomeslesssparseas more edges
are addedto the graph, and a graph with more edgesrequiresmore time to
solve equation (2.15). Edge weights were generatedfrom intensity valuesin
the caseof a grayscaleimageor from RGB color valuesin the caseof a color
imageusing equation (2.21).

A similar measureof partition quality hasbeenemployedby other authors
[53, 54] to develop imagesegmentation algorithms, but a di�eren t notion of
volume (e.g., the algorithm in [53] is de�ned only for planar graphs) and
di�eren t methods for achieving good partitions under this metric of quality
separatetheir work from ours.

The isoperimetric algorithm is controlled by only two parameters: the
scale parameter � of equation (2.21) and the stop parameter usedto end
the recursion. The scale a�ects how sensitive the algorithm is to changesin
featurespace(e.g.,RGB, intensity), while the stop parameterdeterminesthe
maximum acceptableisoperimetric ratio a partition must generatein order
to acceptit and continue the recursion. In order to illustrate the dependence
of the results on parameterization,a sweepof the two-dimensionalparame-
ter spacewas performed on individual natural images. An exampleof this
parameter-sweepis shown using a natural image,with the scale parameter
on the vertical and the stop parameteron the horizontal (Figure 3.6). It can
beseenthat the solution is similar over a broad rangewith respect to changes
in scale and that the e�ect of raising the stop parameter(i.e., making more
partitions admissible)is to generatea greater number of small partitions.

3.3 Completion

Study of the classicKaniza illusion [55] suggeststhat humans segment ob-
jects basedon something beyond perfectly connectededgeelements. The
isoperimetric algorithm was usedto segment the image in Figure 3.7, using
only one level of recursion with all nodes corresponding to the black \in-
ducers" removed. In this case,choice of the ground node is important for
determining the single bipartition. If the ground node is choseninside the
illusory triangle, the resulting partition is the illusory triangle. However,
if the ground is chosenoutside, the triangle partition is not produced, but
instead a partition that hugs the corner in which the ground is located. In
this way, the ground node may be consideredas representing somethinglike
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(a) (b)

Figure 3.6: (a) Imageusedto benchmark the e�ects of a changingscale and
stop parameter. (b) This tiled �gure demonstratesthe results of varying
the scale (vertical) and stop (horizontal) parameterswhen processingthe
imagein (a), showing a largerangeof stablesolutions. scale range: 300{30,
stop range: 1 � 10� 5:5{1 � 10� 4:5.
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(a) (b) (c)

Figure 3.7: The Kaniza triangle illusion with the singlebipartition outlined
in black and the ground node marked with an `x'. (a) The graph being
segmented. (b) Isoperimetric partition using a ground point in the corner.
(c) Isoperimetric partition using a ground point inside the triangle. Uniform
weights (� = 0) wereemployed in both cases.

an \atten tional" point, sinceit inducesa partition that favors the region of
the ground node. However, note that thesepartitions are compatible with
each other, suggestingthat the choiceof ground may a�ect only the order in
which partitions are found.

3.4 Segmentation of natural images

Having addressedissuesregarding stabilit y and completion, we proceedto
examplesof the segmentation found by the isoperimetric algorithm whenap-
plied to natural images.Examplesof the segmentation found by the isoperi-
metric algorithm for somenatural imagesare displayed in Figure 3.8. All
results in the examplesegmentations were obtained using the sametwo pa-
rameters. It shouldbeemphasizedin comparisonsof segmentations produced
by the Ncuts algorithm that the authors of Ncuts make useof a more fully
connectedneighborhood as well as fairly sophisticatedspatial �ltering (e.g.,
oriented Gabor �lters at multiple scales)in order to aid in textural segmen-
tation. The demonstrationswith the isoperimetric algorithm used a basic
4-connectedtopology and no spatial �ltering at all. Consequently, the seg-
mentations produced by the isoperimetric algorithm should be expected to
perform lesswell on textural cues.However, for generalgrayscaleimages,it
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appears to perform at least as well as Ncuts, but with increasednumerical
stabilit y and a speedadvantage of more than oneorder of magnitude (based
on our TM MATLAB implementation of both algorithms). Furthermore, be-
causeof the implementation (e.g., 4-connectedlattice, no spatial �ltering),
the isoperimetric algorithm makesuseof only two parameters,comparedto
the four basic parameters (i.e., radius, two weighting parametersand the
recursionstop criterion) required in the Ncuts paper [3].

The asymptotic (formal) time complexity of Ncuts is roughly the sameas
the isoperimetric algorithm. Both algorithms have an initial stagein which
nodal valuesarecomputedthat requiresapproximately O(n) operations(i.e.,
via Lanczosor conjugategradient). Generationof the nodal valuesis followed
in both algorithms by an identical cutting operation. Using the TM MATLAB
sparsematrix solver for the linear systemrequiredby the isoperimetric algo-
rithm and the Lanczosmethod (TM MATLAB employs ARPACK [56] for this
calculation) to solve the eigenvalue problem requiredby Ncuts, the time was
comparedfor a 10000� 10000L matrix (i.e., a 100� 100pixel image). Since
other aspectsof the algorithms are the same(e.g., making weights from the
image, cutting the indicator vector, etc.), and becausesolving for the indi-
cator vector is the main computational hurdle, we only compare the time
required to solve for the indicator vector. On a 1.4GHz AMD Athlon with
512K RAM, the time required to approximate the Fiedler vector in equa-
tion (2.24) was 7.1922secondswhile application of the direct solver to the
isoperimetric partitioning equation (2.15) required 0.5863seconds.In terms
of actual computation time (using TM MATLAB), this result meansthat solv-
ing the crucial equationfor the isoperimetric algorithm is morethan an order
of magnitude faster than solving the crucial equation required by the Ncuts
algorithm.

3.5 Stabilit y

Stabilit y of the solution for both the isoperimetric algorithm and the spec-
tral algorithms di�ers considerably, asdoesthe perturbation analysisfor the
solution to a systemof equationsversusthe solution to the eigenvector prob-
lem [37]. Di�eren tiating equations(2.15) and (2.24) with respect to an edge
weight reveals that the derivative of the solution to the spectral (2.22) and
Ncuts (2.24) equationsis highly dependent on the current Fiedler value,even
taking degeneratesolutions for somevalues(seeAppendix 2). By contrast,
the derivative of the isoperimetric solution hasno poles. Instabilit y in spec-
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(a)
ESLab0002

(b) Seg-
ments

(c)
ESLab0005

(d) Seg-
ments

(e)
ESLab0009

(f ) Seg-
ments

(g)
ESLab0015

(h) Seg-
ments

(i)
ESLab0021

(j) Seg-
ments

(k)
ESLab0007

(l) Seg-
ments

(m)
ESLab0024

(n) Seg-
ments

(o)
ESLab0027

(p) Seg-
ments

(q)
ESLab0033

(r) Seg-
ments

(s)
ESLab0043

(t) Seg-
ments

(u)
ESLab0052

(v) Seg-
ments

(w)
ESLab0054

(x) Seg-
ments

Figure 3.8: Examples of segmentations produced by the isoperimetric algo-
rithm using the same parameters (� = 95, stop = 10� 5). Our TM MATLAB
implementation required approximately 10{15 seconds to segment each im-
age. More segmentation results from the same database may by found at
http://eslab.bu.edu/publications/2003/grady2003isoperimetric/ . Images
may be obtained from http://eslab.bu.edu/resources/imageDB/imageDB.php .
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tral methods due to algebraicmultiplicit y of the Fiedler value is a common
problem in implementation of thesealgorithms (see[53]). This analysissug-
geststhat the Ncuts algorithm may be more unstable to minor changesin
an imagethan the isoperimetric algorithm.

The sensitivity of Ncuts (our implementation) and the isoperimetric al-
gorithm to noiseis comparedusing a quantitativ e and qualitativ e measure.
First, each algorithm wasapplied to an arti�cial imageof a white circle on a
black background, using a 4-connectedlattice topology. Increasingamounts
of additive, multiplicativ e and shot noisewere applied, and the number of
segments output by each algorithm wasrecorded.Resultsof this comparison
are recordedin Figure 3.9.

In order to visually comparethe result of the segmentation algorithms ap-
plied to progressively noisier images,the isoperimetric and Ncuts algorithms
were applied to a relatively simple natural image of red blood cells. The
isoperimetric algorithm operated on a 4-connectedlattice, while Ncuts was
applied to an 8-connectedlattice, sincewe had di�cult y �nding parameters
that would causeNcuts to give a good segmentation of the original imageif
a 4-connectedlattice was used.

In both comparisons,additive, multiplicativ e, and shot noisewere used
to test the sensitivity of the two algorithms to noise. The additive noisewas
zeromeanGaussiannoisewith varianceranging from 1{20% of the brightest
luminance. Multiplicativ e noisewas introducedby multiplying each pixel by
a unit meanGaussianvariable with the samevariancerangeas above. Shot
noisewasaddedto the imageby randomly selectingpixels that were�xed to
white. The number of \shots" rangedfrom 10to 1,000.The abovediscussion
of stabilit y is illustrated by the comparisonin Figure 3.10. Although additive
and multiplicativ e noiseheavily degradesthe solution found the Ncuts algo-
rithms, the isoperimetric algorithm degradesmore gracefully. The presence
of evena signi�cant amount of shot noiseappearsto not seriouslydisrupt the
isoperimetric algorithm, but it signi�cantly a�ects the convergenceof Ncuts
to any solution.

4 Conclusion

We have presented a new algorithm for graph partitioning that attempts to
�nd setswith a low isoperimetric ratio. Our algorithm was then applied to
the problemsof data point clusteringand imagesegmentation. The algorithm
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(a) Additiv e noise

(b) Multiplicativ e noise

(c) Shot noise

Figure 3.9: Stabilit y analysis relative to additiv e, multiplicativ e and shot noise for an
arti�cial image of a white circle on a black background, for which the correct number of
segments should be one. The x-axis represents an increasingnoisevariancefor the additiv e
and multiplicativ e noise, and an increasingnumber of \shots" for the shot noise. The y-
axis indicated the number of segments found by each algorithm. The solid line represents
the results of the isoperimetric algorithm and the dashedline represents the results of the
Ncuts algorithm. The underlying graph topology was the 4-connectedlattice with � = 95
for the isoperimetric algorithm and � = 35 for the Ncuts algorithm. Ncuts stop criterion
= 10� 2 (relativ e to the Ncuts criterion) and isoperimetric stop criterion = 10� 5. In all
cases,the isoperimetric algorithm outperforms Ncuts, most dramatically in response to
shot noise. 26



(a) Additiv e noise

Image Iso NcutsNoise

(b) Multiplicativ e
noise

Image Iso Ncuts

(c) Shot noise

Image Iso Ncuts

Figure 3.10: Stabilit y analysis relative to additive, multiplicativ e and shot
noise. Each row represents an increasingamount of noiseof the appropri-
ate type. The top row in each sub�gure is the segmentation found for the
blood1.tif imagepackagedwith TM MATLAB (i.e., zeronoise). Each �gure
is divided into three columns representing the image with noise, isoperi-
metric segmentation and Ncuts segmentation from left to right respectively.
The underlying graph topology was the 4-connectedlattice for isoperimet-
ric segmentation and an 8-connectedlattice for Ncuts segmentation (due to
failure to obtain quality results with a 4-connectedlattice) with � = 95
for the isoperimetric algorithm and � = 35 for the Ncuts algorithm. Ncuts
stop criterion = 5 � 10� 2 (relative to the Ncuts criterion) and isoperimetric
stop criterion = 10� 5. Results were slightly better for additive noise,and
markedly better for multiplicativ e and shot noise. (a) Additiv e noise. (b)
Multiplicativ e noise. (c) Shot noise.
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was comparedwith Ncuts to demonstratethat it is faster and more stable,
while providing visually comparableresults with lesspre-processing.

Developing algorithms to processa distribution of data on graphs is an
exciting area. Many biological sensoryunits are nonuniformly distributed
in space(e.g., vision, somatic sense)with spatial distribution often di�ering
radically betweenspecies. The abilit y to develop algorithms that allow the
designera free hand in choosing the distribution of sensors(or data of any
sort) represents a large step over existing algorithms that require a regular,
shift-invariant lattice.

Theseinitial �ndings are encouraging.Sincethe graph representation is
not tied to any notion of dimension,the algorithm appliesequally to graph-
basedproblems in N-dimensionsas it does to problems in two dimensions.
Suggestionsfor future work areapplicationsto segmentation in space-variant
architectures, supervisedor unsupervisedlearning, 3-dimensionalsegmenta-
tion of mesh-basedobjects, and the segmentation/clustering of other areas
that can be naturally modeledwith graphs.

App endix

1 Connectivit y

The purposeof this section is to prove that regardlessof how a ground is
chosen,the partition containing the groundednode (i.e., the set S) must be
connected,regardlessof how a threshold (i.e., cut) is chosen. The strategy
for showing this will be to show that every node has a path to ground such
that each node in that path hasa monotonically decreasingpotential.

Prop osition 1 If the set of vertices, V , is connected then, for any � , the
subgraphwith vertexsetN � V de�ned by N = f vi 2 Vjx i < � g is connected
whenx0 satis�es L 0x0 = f 0 for any f 0 � 0.

This proposition follows directly from proof of the following

Lemma 1 For every node, vi , there exists a path to the ground node, vg,
de�ned by Pi = f vi ; v1; v2; : : : ; vgg such that x i � x1 � x2 � : : : � 0, when
L0x0 = f 0 for any f 0 � 0.
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Proof: By equation(2.15) each non-groundednode assumesa potential

x i =
1
di

X

eij 2 E

x j +
f i

di
; (1.1)

i.e., the potential of each non-groundednode is equal to a nonnegative con-
stant added to the (weighted) averagepotential of its neighbors. Note that
(1.1) is a combinatorial formulation of the Mean Value Theorem [57] in the
presenceof sources.

For any connectedsubset,S � V; vg =2 S, denotethe set of nodeson the
boundary of S as Sb � V , such that Sb = f vi j eij 2 E; 9 vj 2 S; vi =2 Sg.

Now, either

1. vg 2 Sb, or

2. 9 vi 2 Sb, such that x i � min x j ; 8 vj 2 S by (1.1), sincethe graph is
connected.

Therefore,every node hasa path to ground with a monotonically decreasing
potential, by induction (i.e., start with S = f vi g and add nodes with a
nondecreasingpotential until ground is reached).

2 Sensitivit y Analysis

Previouswork in network theory allows for a straightforward analysisof the
sensitivity of the isoperimetric, spectral, and normalized cuts algorithms.
Here we speci�cally examine the sensitivity to the edgeweights for these
three algorithms.

Sensitivity to a single,generalparameter,s, is developed in this section.
Sensitivity computation for many parameters(e.g.,all the weights in a graph)
may be obtained e�cien tly using the adjoint method [58].

2.1 Isop erimetric

Given the vector of degrees,d, the Laplacian matrix, L , and the reduced
Laplacian matrix L 0, the isoperimetric algorithm requiresthe solution to

L0x0 = d0: (2.1)
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The sensitivity of the solution to equation (2.1) with respect to a parameter
s may be determinedfrom

L0
@x0

@s
= �

@L0

@s
x0 +

@d0

@s
: (2.2)

SinceL 0, x0 areknown (for a givensolution to equation(2.1) and @L 0
@s may be

determinedanalytically, @x0
@s may besolved for asa systemof linear equations

(sinceL 0 is nonsingular) in order to yield the derivative at a point x0.

2.2 Spectral

The spectral method solvesthe equation

Lx = � 2x; (2.3)

where � 2 is the Fiedler value. The sensitivity of the solution to equation
(2.3) to a parameters is morecomplicated,but proceedsin a similar fashion
from the equation

@L
@s

x + L
@x
@s

=
@� 2

@s
x + � 2

@x
@s

: (2.4)

The term @� 2
@s may be calculated from the Rayleigh quotient for � 2 and the

chain rule. The Rayleigh quotient is

� =
xT Lx
xT x

: (2.5)

The chain rule determines@� 2
@s by @� 2

@s = @� 2
@x

@x
@s . This may besolvedby �nding

@� 2
@x from the Rayleigh quotient via

@� 2

@x
= 2Lx (xT x)� 1 � 2xT Lx (xT x)� 2x: (2.6)

Equation (2.6) allows us to solve for @� 2
@s via equations(2.4) and (2.6)

�
L �

�
@� 2

@x

T

x + � 2

�
I
�

@x
@s

=
@L
@s

x: (2.7)

Equation (2.7) alsogivesa systemof linear equationswhich may besolved
for @x

@s sinceall the other terms areknown or may be determinedanalytically.
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2.3 Normalized Cuts

The normalizedcuts algorithm [3] requiresthe solution to

D � 1
2 LD � 1

2 x = � 2x; (2.8)

whereD is a diagonalvector with D ii = di . In a similar fashionto the above
treatment on the spectral algorithm, the sensitivity of x with respect to a
parameter s may be determined using the Rayleigh quotient and the chain
rule.

Employing the chain rule, taking the derivative of equation (2.8) with
respect to s and rearrangingyields

�
D � 1

2 LD � 1
2 �

�
@� 2

@x

T

x + � 2

�
I
�

@x
@s

=
 

2
@D � 1

2

@s
LD � 1

2 + D � 1
2
@L
@s

D � 1
2

!

x: (2.9)

Again, this is a systemof linear equationsfor @x
@s . For Ncuts, the eigen-

value corresponds to D � 1
2 LD � 1

2 instead of L, so @� 2
@x must be recomputed

from the Rayleigh quotient. The result of this calculation is

@� 2

@x
= 2D � 1

2 LD � 1
2 x(xT x)� 1 � 2xT D � 1

2 LD � 1
2 x(xT x)� 2x: (2.10)

2.4 Sensitivit y to a weight

Using the results above, it is possibleto analyzethe e�ect of a speci�c pa-

rameter by �nding @L
@s , @d

@s and @D � 1
2

@s for the speci�c parameter in question.
The value for @L 0

@s is determinedfrom @L
@s simply by deleting the row and col-

umn corresponding to the groundednode. For a speci�c weight, wij , these
quantities become

�
@d

@wij

�

vi

=

(
1 if eij is incident on vi ;

0 otherwise;
(2.11)

and  
@D � 1

2

@wij

!

vp vq

=

(
� 1

2d
� 3

2
p if p = q, p = i or p = j ;

0 otherwise:
(2.12)
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The matrix @L
@wij

equalsthe L matrix of a graph with an edgeset reducedto
just E = f eij g. The degreeof node vi is speci�ed by di .

Equations (2.2), (2.4) and (2.9) demonstrate that the derivative of the
isoperimetric solution is never degenerate(i.e., the left hand side is always
nonsingular for a connectedgraph), whereasthe derivative of the spectral
and normalizedcuts solutions may be degeneratedepending on the current
state of the Fiedler vector and value.

3 Fully connected graphs

The isoperimetric algorithm will produce an unbiasedsolution to equation
(2.15) when applied to fully connectedgraphs with uniform weights. Any
set with cardinality equal to half the cardinality of the vertex set and its
complement is an isoperimetric set for a fully connectedgraph with uniform
weights. For a uniform edgeweight, w(eij ) = � for all eij 2 E, the solution,
x0, to equation (2.15) will be x i = 1=� for all vi 2 V. The useof the median
or ratio cut method will choosehalf of the nodes arbitrarily . Although it
should be pointed out that using a median or ratio cut to partition a vector
of randomly assignedpotentials will also produce equal sized (in this case
optimal) partitions, the solution to equation (2.15) is unique for a speci�ed
ground (in contrast to spectral partitioning or Ncuts, which has n � 1 solu-
tions) and explicitly gives no node a preferencesinceall the potentials are
equal.
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