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Three In teractiv e Graph-Based
Segmentation Metho ds Applied
to Cardio vascular Imaging

Leo Grady , Yiy ong Sun, James Williams

ABSTRA CT We examine the useof three techniques, graph cuts, isoperi-
metric minimization and random-walk partitioning for the interactiv e seg-
mentation of cardiovascular medical images. These methods can often be
used e�ectiv ely without heavy reliance on learned or explicitly encoded
priors. We illustrate, through the use of a toy problem, the basic di�er-
ence in the performance characteristics of the methods. Subsequently , the
suitabilit y of each method to a particular segmentation application in the
cardiovascular imaging domain is demonstrated.

1 Introduction

Isolation and quanti�cation of structures in medical imagesis a continuous
and varied sourceof segmentation problems. Segmentation methods which
rely heavily on learnedor explicit prior information often require signi�cant
customization before they can be applied to a speci�c problem. It is often
preferable to usemethods which can be quickly tested on the problem and
then later enhancedwith priors to improve accuracy. Graph partitioning
algorithms are one such family of methods. In particular, we look at three
segmentation techniques basedon graph partitioning that at �rst glance
may appearsimilar, but on closerinspection demonstrateunique behaviors.
It is the distinct nature of these behaviors that can make one preferable
over another for a speci�c application.

Although the graph cuts algorithm [17, 28] has been successfullyem-
ployed in many applications, it is fundamentally a two-label algorithm. In
fact, �nding a minimal cut separating multiple terminals is an NP prob-
lem, although [7] provided an algorithm for getting within a bound of the
optimal solution. The algorithm �nds the smallest cut between two seed
groups. In casesof weak object boundaries or small seedgroups there is
a tendency to �nd the cut that minimally enclosesthe seeds.The random
walker algorithm proposed in [15] has a similar user interface (i.e., user
\pain ting"), but doesnot su�er from the \small cut" problem and extends
naturally to an arbitrary number of labels. The practical cost of this com-
putation is currently higher than that of performing a binary graph cut
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on a similarly sizedimage graph. As will be discussedlater, this algorithm
also has a formal relationship to the graph cuts algorithm.

Both graph cuts and the random walker algorithm require speci�cation
of seedpoints for each output label in the resulting segmentation. In the
case where a foreground/background segmentation is desired, a user is
often interested in specifying only a few pixels in the foreground region
instead of labeling pixels in both the foreground and background. Addi-
tionally , if one wants to apply one of thesealgorithms by specifying seeds
automatically, it is easier to automatically specify foreground seedsthan
both foreground and background seeds.The isoperimetric algorithm of [14]
naturally extends the random walker algorithm to a situation where only
foreground labels are provided. Given a foreground-labeled pixel (or pixel
group), the isoperimetric algorithm may be derived by starting a random
walker at each unlabeledpixel and calculating the expectednumber of steps
before the walker reachesa labeled seed.As with the random walker algo-
rithm, these probabilities may be calculated analytically with simulation
of a random walk. The expected number of stepsmay be converted into a
foreground/background segmentation by �nding a threshold that produces
the minimal isoperimetric ratio, from which this algorithm was originally
derived [14]. Not surprisingly, there is a formal relationship between the
random walker and the isoperimetric algorithm.

2 Characteristic Behaviors of the Algorithms

Table 1.1 illustrates di�erences betweenthesethree algorithms. Thesedif-
ferencesmay appear to be subtle compared with the similarities. From a
practical standpoint, one might wonder if these algorithms return similar
results or whether we can expect essentially identical behavior. It is cer-
tainly true that applying each technique to a simple segmentation task
(e.g., a black circle in a white background) will produce the samesegmen-
tation. However, Figures 1 and 2 are intended to illustrate the di�eren t
\p ersonalities" of each algorithm.

Figure 1 shows three concentric circles, with a foreground seedin the
innermost circle and a background seedoutside of the outermost circle.
Given this user input, it is unclear how the \true" segmentation should be

Algorithm Functional Field Constraints

Graph cuts Q(x) = xT Lx x = f 0; 1g Seeds�xed to f 0; 1g

Random walker Q(x) = xT Lx 0 � x � 1 Seeds�xed to f 0; 1g

Isoperimetric Q(x) = x T Lx
x T d 0 � x Seeds�xed to f 0g

TABLE 1.1. A tabulated comparison of the three algorithms. Seetext for details.
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(a) (b) (c)

(d) (e)

FIGURE 1. Di�eren t \p ersonalities" of the three algorithms. (a) Input image
with user-speci�ed foreground and background seeds.(b) Graph cuts �nds the
innermost circle becauseit represents the smallest cut betweenseeds.(c) Random
walk partitioning �nds the middle circle becauseit is the most \equal" boundary
betweenthe two seeds.(d) The isoperimetric algorithm �nds the outermost circle,
since it minimizes the isoperimetric ratio in (1.8). Note that no background seeds
wereusedwhen applying the isoperimetric algorithm. (e) Both the random walker
and isoperimetric algorithms give a soft segmentation that is converted into a
hard segmentation. For this image, each produce s the same soft segmentation
(up to a scaling constant) that may be interpreted as a probabilit y that a pixel
lies in the foreground segment.

de�ned. Note that there is no ambiguit y in the boundariesor di�erence in
statistics of the regions.The real issueto be addressedby an algorithm that
is given theseseedsis: What doesthe userwant? Depending on the user(or
the goal), there are three valid outputs: The innermost object (small circle),
the middle boundary between the foreground/background seeds(middle
circle), or the entire group of objects (the outermost circle). Theseresults
are exactly those given by the three algorithms respectively. Note that,
regardlessof the number of concentric circles,graph cuts will always choose
the smallest, random walker will choosethe middle and isoperimetric will
choosethe largest.

Graph cuts choosesthe innermost circle becauseit will �nd the cut hav-
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ing the smallest cost. Each black/white transition of a ring will bear the
samecost to cut, sothe circle with smallestcircumferencewill be preferred.
This property is valuable becauseit �nds the smallest object \unit" sur-
rounding a foreground seed.The downside to this behavior is that a larger
object (especially a textured object) requires many more seedsto locate.
Additionally , this property is also the sourceof the \small cut" problem
that can result in a return of the trivial boundary that minimally encloses
the seeds.

(a) Image with seeds (b) Graph cuts small
cut

(c) Graph cuts squared
o�

(d) Random walker (e) Isoperimetric (f ) Isoperimetric soft
segmentation

FIGURE 2. Weak edge behavior of the three algorithms. (a) Diagonal line im-
age with user-speci�ed seeds.(b) \Small cut" behavior of graph cuts. (c) More
seedsovercome small cut issue, but yields a \blo cky" segmentation (see text).
(d) Random walker. (e) The isoperimetric algorithm �nds the desired cut, but
without background seeds.(f ) Solution to (1.11) thresholded to produce a hard
segmentation of (e) having a minim um isoperimetric ratio.



1. Three Interactiv eGraph-Based Segmentation Methods Applied to Cardiovascular Imaging 5

A random walker starting from a given pixel will be more likely to reach
the seedthat requires crossinga smaller number of circles. Therefore, for
an odd number of concentric circles, the random walker algorithm will
always choosethe middle circle. Note, however, that the probabilities form
a \w edding cake" between the inner and outer circle that could be used
(using another rule, e.g., minimum cut) to �nd any of the intermediate
circlesasseenin Figure 1. This behavior of the random walker algorithm is
bene�cial becausethe \small cut" problem is avoided and the most \equal"
boundary betweenthe seedsis found. However, this behavior canalsoresult
in the userhaving to placebackground seedscloseto the foreground object
in order to get the desired segmentation. Additionally , if an even number
of concentric circles are present, the random walker algorithm will, in its
neutralit y between the two seeds,return a circle that threads the middle
two circles instead of \snapping" the segmentation to the nearestcircle.

The isoperimetric algorithm will also produce a \w edding cake" distri-
bution , whereeach level correspondsto a circle. Note that the background
seedis not employed in the isoperimetric algorithm. Given this solution,
the isoperimetric algorithm looks for a threshold that producesa cut min-
imizing the isoperimetric ratio, de�ned as h = x T Lx

x T d (seebelow for detail).
This ratio may be thought of intuitiv ely asthe ratio of the surfacearea(i.e.,
dual to the cut) to the volume. In a continuum setting, the isoperimetric
ratio of a circle is h = 2� r

� r 2 = 2
r which will get smaller (and thus preferred)

for a larger radius. Sincethe isoperimetric algorithm choosesthe threshold
that minimizes the isoperimetric ratio, the largest circle will be returned
out of the \w edding cake" distribution produced by the solution.

Figure 2 illustrates another aspect of the personality of the algorithms.
Here, a (broken) black line was drawn on a white image. All three algo-
rithms exhibit the abilit y to locate the weak boundary even though there
is no intensity cue at the gap and the statistics of both regions are iden-
tical. However, with graph cuts there are two issues.First, we initially see
the \small cut" problem of when small seedgroups are placed. However,
even when the seedgroups are made large enough, the algorithm �nds a
\squared o� " cut that is unappealing. The reasonfor this squaredo� cut
is becausea 4-connectedlattice is employed and, therefore, the squaredo�
cut has the samecut cost as the diagonal cut, sooneof thesecuts is simply
returned by the algorithm. This issuemay be ameliorated by using a lat-
tice with increasedconnectivity (e.g., 8-connected)at the cost of increased
memory consumption. However, even for a 4-connectedlattice, the random
walker and isoperimetric algorithm neither exhibit a \squared o� " solution
nor su�er from the \small cut" problem.
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3 Applications on CT Cardiovasculardata

Computed tomography (CT) imaging has, in the last 5 years,undergonea
revolution in resolution. Premium multi-slice scannersnow have between
16 and 256 detector rows with gantry rotational latenciesof lessthan half
a second.Theseadvanceshave meant not only an increasein spatial, but
also in temporal resolution. CT angiography (CTA) usesinjected contrast
to opacify the cardiovascular system for high-resolution imaging. CTA is
now the modalit y of choicefor imaging 3D cardiovascularmorphology. Due
to the huge amount of data produced by these scanners(2GB volumes
are now not uncommon), automated an semi-automated post-processing
techniques are no longer a curiosity, they are indispensabletools for the
radiologist.

3.1 SegmentingIndividual Heart Chambers using Graph Cuts

Electrophysiological ablation procedures,like pulmonary vein isolation for
curing atrial �brillation, are today guided by a combination of electrophys-
iological and morphological criteria. Therefore it is helpful for the electro-
physiologist to have 3D visualizations of the cardiac chamber which is sub-
ject to RF ablation available for pre-procedural planning, intra-pro cedural
catheter guidance, and post-procedural follow-up. This requires the tools
for heart chamber segmentation from CTA images.

The requirements of the segmentation tools are:

1. Accuracy: Segmentation shall be as closeas possible to the ground
truth provided by the user.

2. Easy to use:The tool shall needminimal user input.
3. Performance:The algorithm shall be fast and memory e�cien t.

Sincefully automatic segmentation inherently hasthe problem of reliabilit y
and repeatabilit y, an interactive segmentation is more attractiv e. Interac-
tiv e methods take advantage of the user knowledge of the anatomy, and
increasethe overall proceduree�ciency .

Even with contrast, accurate chamber segmentation with minimal user
interaction is still a challenging problem. The di�cult y is largely due to the
weak boundariesbetweenchambers. For example, the left atrium and left
ventricle often have similar intensity due to direct blood pool connection
through the mitral valve. Imagenoiseand di�eren t imaging protocolsacross
various sites also posea challenge for the robustnessof the segmentation
algorithm.

3.2 Multi-Resolution Banded Graph Cuts

Boykov and Jolly [5] describe an interactive graph cuts algorithm. The
algorithm assumesthat somevoxels have beenidenti�ed asobject or back-
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ground seedsbasedon a priori knowledgefrom the anatomy. It computesa
globally optimal binary segmentation that completely separatesthe object
seedsand the background seeds.

Despite the power of �nding a globally optimal solution, the major di�-
culty of the graph cuts algorithm lies in the enormouscomputational costs
and memory consumption. Typical CT scansgeneratea 3D volume of hun-
dreds of slicesof images.For example,a volume of 512� 512� 300 has 75M
voxels. A graph that stores the nodes and edgescan easily consumeover
1GB memory. Performing a graph cut segmentation on this volume using
the max-
o w algorithm [12] can take several minutes.

The approach we useto make the graph cuts algorithm practical in this
context is a multi-resolution bandedformulation. With the prior knowledge
of the rough size of the chamber, the background seedscan be automat-
ically detected after the user speci�es an object seedinside the chamber.
This makesit possibleto achieve one-click-segmentation. What makesthis
possibleis the compact shape of the heart chamber and the relatively ho-
mogeneousintensity in the chamber due to the contrast agent injection.

The idea of this algorithm is �rst to get a rough segmentation using
graph cuts on a reduced resolution graph. The low resolution estimate is
then usedto guide a high resolution banded cut.

The algorithm contains �v e steps:

1. Apply a seededregion growing [1] from the object seedsin the low
resolution volume. The growing stops when reaching a prede�ned
maximal distance that dependson the a priori knowledgeof the typ-
ical chamber size. The result may contain outliers due to leaking to
left ventricle, the pulmonary arteries, and the bones.

2. Dilate a layer from the boundary of the region growing. The outer
layer of the dilation is marked as background seeds.

3. Apply graph cuts in low resolution to get a rough segmentation of
the left atrium. It is fast to solve becausethere are signi�cantly fewer
nodesfor the low resolution graph.

4. Dilate a layer from the boundary of the rough segmentation to form
a band whose inner boundary is marked as object seedsand outer
boundary is marked as background seeds.

5. In high resolution, apply the graph cuts to get an accurate segmen-
tation result. It is also fast to solve becausethe graph is built on the
narrow band that only contains a few layers of voxels.

3.3 Empirical Results

Using the multi-resolution and bandedgraph cuts, the segmentation of the
heart chambers can be achieved with a single mouseclick inside the left
atrium.
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(a) (b)

FIGURE 3. Renderings of cardiac segmentations. (a) Left atrium. (b) Multiple
chambers.

Fig. 3(a) shows the one click segmentation of the left atrium using the
multi-resolution and banded graph cuts algorithm. It is segmented from
a CT volume with the resolution of 512� 512� 370 and it takes less than
15 secondsto segment the left atrium on a Pentium 4 2.4GHz computer
and uses less than 200MB memory. Fig. 3(b) shows the separate heart
chambers and vessels,including left atrium, left ventricle, right atrium,
right ventricle, and aorta. Thesechambersaresegmented individually using
the multi-resolution, banded graph cuts algorithm.

3.4 Random Walks for Simultaneous Chamber Segmentation

Where graph cuts are well suited to extraction of a singleforegroundobject
from a generalbackground, extension to parallel multi-lab el segmentation
doesnot follow naturally . Alternativ ely, the random walker algorithm can
segment multiple regions in a single interactive step.

Assumethat the user has provided K labeled pixels (hereafter referred
to as seed poin ts or seeds). For each unlabeled pixel, we ask: Given a
random walker starting at this location, what is the probabilit y that it �rst
reaches each of the K seedpoints? It will be shown that this calculation
may be performed exactly without the simulation of a random walk. By
performing this calculation, we assigna K -tuple vector to each pixel that
speci�es the probabilit y that a random walker starting from each unlabeled
pixel will �rst reach each of the K seedpoints. A �nal segmentation may be
derived from theseK -tuples by selecting for each pixel the most probable
seeddestination for a random walker. In this approach, we treat an image
(or volume) as a purely discrete object | a graph with a �xed number of
verticesand edges.Each edgeis assigneda real-valuedweight corresponding
to the likelihood that a random walker will crossthat edge(e.g., a weight



1. Three Interactiv eGraph-Based Segmentation Methods Applied to Cardiovascular Imaging 9

of zero meansthat the walker may not move along that edge).
It has beenestablished[21, 11] that the probabilit y of a random walker

�rst reaching a seedpoint exactly equalsthe solution to the Dirichlet prob-
lem [8] with boundary conditions at the locations of the seedpoints and
the seedpoint in question �xed to unit y, while the others are set to zero.
A steady-state, DC circuit analogy is also given in [15]. Using the princi-
ple of superposition from circuit theory, it can be easily shown that the
probabilities at each node sum to unit y (as expected). For this reason,we
needonly solve K � 1 systems,given K labels, sincethe remaining system
is known via the unit y constraint (i.e., at each node subtract the sum of
the K � 1 solutions at that node from unit y to recover the solution to the
remaining system).

3.5 The Random Walker Algorithm

We begin by de�ning a precisenotion for a graph. A graph [20] consistsof
a pair G = (V; E) with vertices (no des) v 2 V and edges e 2 E � V � V .
An edge,e, spanningtwo vertices,vi and vj , is denotedby eij . A weigh ted
graph assignsa value to each edgecalled a weigh t . The weight of an edge,
eij , is denoted by w(eij ) or wij . The degree of a vertex is di =

P
w(eij )

for all edgeseij incident on vi . Given a set of nonnegative weights, the
probabilit y that a random walker at node vi transitions to node vj is given
by pij = w ij

di
. The following will also assumethat our graph is connected.

In order to represent the imagestructure (given at the pixels) by random
walker biases(i.e., edgeweights), one must de�ne a function that maps a
change in image intensities to weights. Since this is a common feature of
graph basedalgorithms for image analysis, several weighting functions are
commonly usedin the literature [26, 6, 14]. Additionally , it wasproposedin
[29] to usea function that maximizes the entropy of the resulting weights.
In this work we have preferred (for empirical reasons)the typical Gaussian
weighting function given by

wij = e� � (gi � gj )2
; (1.1)

where gi indicates the image intensity at pixel i . The value of � represents
the only free parameter in this algorithm. In practice, we employ

wij = e� �
� (gi � gj )2

+ �; (1.2)

where � is a small constant (we take � = 10� 6) and � is a normalizing
constant � = max(gi � gj ); 8 i; j . The purposeof (1.2) is to keepthe choice
of � relevant to imagesof di�eren t quantization and contrast, as well as
make sure that none of the weights go identically to zero (resulting in a
possibledisconnection).

The discrete Dirichlet problem has beendiscussedthoroughly in the lit-
erature [4, 11] and a convenient form for the solution is given in [16]. We
will now review the method of solution.
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De�ne the discrete Laplacian matrix [22] as

L v i v j =

8
><

>:

di if i = j ;
� wij if vi and vj are adjacent nodes;
0 otherwise;

(1.3)

where L v i v j is usedto indicate that the matrix L is indexed by vertices vi

and vj .
Partition the vertices into two sets, VM (marked/seed nodes) and VU

(unmarked nodes) such that VM [ VU = V and VM \ VU = ; . Note that
VM contains all seedpoints, regardlessof their label. Then, we may reorder
the matrix L to re
ect the subsets

L =
�
L M B
B T L U

�
: (1.4)

Denote the probabilit y assumedat each node, vi , for each label, s, by xs
i .

De�ne the set of labels for the seedpoints as a function � (vj ) = s; 8vj 2
VM , where s 2

�

; 0 < s � K . De�ne the jVM j � 1 (where j � j denotes
cardinalit y) marked vector for each label, s, at node vj 2 VM as

ms
j =

(
1 if � (vj ) = s;
0 if � (vj ) 6= s:

(1.5)

As demonstratedin [16], the solution to the combinatorial Dirichlet prob-
lem may be found by solving

L U xs = � B ms; (1.6)

which is just a sparse,symmetric, positive-de�nite, system of linear equa-
tions with jVU j number of equations and the number of nonzero entries
boundedfrom above by 2jE j + jV j. SinceL U is guaranteed to be nonsingu-
lar for a connectedgraph [3], the solution, xs, is guaranteed to exist and be
unique. Therefore, the potentials for all the labelsmay be found by solving
the system

L U X = � B M ; (1.7)

where X has columns taken by each xs and M has columns given by each
ms. As mentioned above, one must solve only K � 1 systems, given K
labels, sincethe probabilities at each node must sum to unit y.

3.6 Numerical solution

Many good methods exist for solving large, sparse,symmetric, linear sys-
tems of equations(e.g., [13, 24]). A direct method, such as LU decomposi-
tion with partial pivoting hasthe advantagethat the computation necessary
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to solve (1.7) is only negligibly increasedover the amount of work required
to solve (1.6). Unfortunately, current medical data volumesfrequently ex-
ceed256� 256� 256 � 16M voxels, and hencerequire the solution of an
equal number of equations.Furthermore, there is no reasonto believe that
the resolution will not continue to increase.Most contemporary computers
simply do not have enough memory to allow an LU decomposition with
that number of equations.

The standard alternativ e to the classof direct solversfor large,sparsesys-
tems is the classof iterativ e solvers [19]. Thesesolvershave the advantages
of a small memory requirement and the abilit y to represent the matrix-
vector multiplication as a function. In particular since, for a lattice, the
matrix L U has a circulant nonzerostructure (although the coe�cien ts are
changing), one may avoid storing the matrix entirely . Instead, a vector of
weights may be stored (or computed on the 
y , if memory is at a premium)
and the operation L U xs

U may be performed very cheaply. Furthermore,
sparsematrix operations (lik e those required for conjugate gradients) may
be e�cien tly parallelized [10, 18](e.g., for use on a GPU). Becauseof the
relationship of (1.6) to a �nite di�erences approach to solving the Dirichlet
problem on a hypercube domain, the techniques of numerical solution to
PDEs may also be applied. Most notably, the algebraic multigrid method
[25, 9] achievesnear-optimal performancefor the solution to equationslike
(1.6).

We have implemented the standard conjugategradients algorithm with a
modi�ed incomplete Choleskypreconditioning [2], representing the matrix-
vector multiplication implicitly , as described above on an Intel Xeon 2.4
GHz dual-processorwith 1GB of RAM. Solution of (1.6) using conjugate
gradients (tolerance = 10� 4, su�cien t for the algorithm) for a 256� 256
imagewith two randomly placedseedpoints required approximately 3 sec-
onds.

To summarize, the stepsof the random walker algorithm are:

1. Obtain a set, VM , of marked pixels (seeds)with K labels from the
user.

2. Using (1.1), map the image intensities to edgeweights in the lattice.

3. Solve (1.7) outright for the probabilities or solve (1.6) for each label
except the �nal one, f (for computational e�ciency). Set x f

i = 1 �P
s<f xs

i .

4. Obtain a �nal segmentation by assigningto each node, vi , the label
corresponding to maxs (xs

i ).

3.7 Empirical Results

Using (1.1), we transformed a four-chamber view of a CTA heart volume
into a weighted graph and applied the random walker algorithm. Results



12 Leo Grady, Yiy ong Sun, James Williams

(a) Input (b) Seeds (c) Segmentation

FIGURE 4. Random walker algorithm applied to a four-chamber slice of a cardiac
CTA volume. (a) Original four-chamber slice. (b) User-speci�ed seedsof each
chamber (i.e., left ventricle, left atrium, right ventricle, right atrium, background).
(c) Resulting segmentation boundaries.

are displayed in Figure 3.7. The random walker algorithm was chosenfor
this problem because�v e labelsare required to segment the four chambers
of the heart (each chamber plus the background). Segmentation of this
256� 256 image required approximately 20 secondsof computation time.
We have found this algorithm reliable on a large variety of CTA cardiac
data with varying levels of noise.

3.8 Isoperimetric algorithm

Neither the graph cuts nor the random walker algorithm can be usedwhen
only foregroundseedsarespeci�ed by the user.The isoperimetric algorithm
of [14] may be interpreted as a natural extensionof the random walker al-
gorithm to a singleseedgroup. The segmentation is basedon computation
of the expected number of steps a random walker will take, starting from
each pixel, to �nd the user-speci�ed seeds.However, in the original formu-
lation [14], the isoperimetric algorithm was derived from a segmentation
goal of minimizing the isop erimetric ratio

Q(x) =
xT Lx

min(xT d; (1T � xT )d)
; (1.8)

where 1T is the vector of all onesand d is the vector of node degrees.The
indicator vector, x, is de�ned as

x i =

(
0 if vi 2 S;
1 if vi 2 S;

(1.9)

whereS indicates the set of foregroundnodes.Unfortunately, a combinato-
rial minimization of this problem is NP-Hard [23]. Consequently , the vector
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x was relaxed to take real valuesand the \v olume" (represented combina-
torially by the denominator) was �xed to a constant, i.e., xT d = k (see[14]
for a full exposition).

Using a Lagrangemultiplier to perform a constrainedminimization gives
the energyas

Q(x) = xT Lx � � (xT d � k); (1.10)

and the resulting minimum as

Lx =
1
2

�d: (1.11)

Since we are only concernedwith relative values of the solution, and in
order that (1.11) represents the expected number of stepsrequired to �nd
a seed,we ignore the scalar factor �

2 , setting �
2 = 1.

Although the Laplacian matrix in (1.11) is singular, the incorporation
of user-speci�ed seeds,i.e., x i = 0; 8vi 2 VM removes the singularity. The
solution, x i , at node, vi , obtained through solution of (1.11) gives the ex-
pected number of steps that a random walker would take to �nd a seed
node (see[27] for justi�cation of this interpretation). Indeed, if onewere to
solve (1.11) for two seeds,v1 and vn , then

Lx 1 =

2

4
� 1T dU � dn

dU

dn

3

5 ; (1.12)

where1T represents the vector of all ones,dU represents the vector contain-
ing the degreesof unlabelednodes.The reasonthat (1.12) holds is because
premultiplication of both sidesby 1T produceszero on the left hand side,
so the right hand side must be balanced.Then,

L (x2 � x1) =

2

4
d1

dU

� 1T dU � d1

3

5 �

2

4
� 1T dU � dn

dU

dn

3

5 =

2

4
1T dU + dn + d1

0
� 1T dU � dn � d1

3

5 :

(1.13)
Sinceit is known [4] that multiplication of the solution to the random walker
problem, xRW , (given the sametwo seedsasabove) by the Laplacian results
in

Lx RW =

2

4
�
0

� �

3

5 ; (1.14)

where � represents the e�ectiv e conductance betweennodesv1 and vn ,
the solution to two (or more) isoperimetric systems(1.11) also yields the
random walker probabilities (up to a scaling and shift). It is intuitiv e that
this should be true, since we would expect that a random walker having
fewer expected steps to reach one seedover another would also be most
likely to reach that seed�rst.
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Computation of a solution to (1.11) yields a notion of how \far away"
a given node is to a seedpoint, but it doesnot give a hard segmentation.
Therefore, in accordancewith [14], we convert the solution to (1.11) to
a hard segmentation by thresholding the solution, x, at the value that
producesa hard segmentation minimizing (1.8). Only n thresholdsmust be
evaluated (i.e., onefor each node) and the valuesof (1.8) may be evaluated
quickly, leading to a fast production of a hard segmentation (see [14] for
more details). Producing a hard segmentation in this way guaranteesthat
all nodes belonging to the foreground segment are connectedor, if more
than oneseedgroup is present, each group of foregroundpixels is connected
to a seed[14]. Note that this procedurefor converting a soft segmentation
into a hard segmentation is very similar to what is performed in the NCuts
algorithm [26].

To summarize, the stepsof the isoperimetric algorithm are:

1. Obtain a set, VM , of marked pixels (seeds)indicating foreground.
2. Using (1.1), map the image intensities to edgeweights in the lattice.
3. Solve (1.11) for the expected number of steps taken by a random

walker starting from each pixel to reach a node in VM .
4. Obtain a hard segmentation by trying n thresholds,� , of x and choos-

ing the segmentation that producesthe smallest ratio given in (1.8).
Assign each node, vi , to foreground if x i � � and to background if
x i > � .

3.9 Bone-VesselSeparation

In CTA scans,contrast enhancedand calci�ed blood vesselscan appear
with the sameintensity pro�le asbones.Further confoundingan automatic
bone/vesselsegmentation is the fact that bones and vesselsoften touch
each other and partial volume e�ects produce a gradual, di�use boundary.
Due to the di�cult y of this situation, a user-guidedmode is required to
accurately separatebonesand blood vessels.

The ideal user interface for this application is for a user to provide a
single click on a blood vessel,without taking the time to label the bone.
We �rst used an automatic segmentation algorithm to produce an initial
bone/vesselsegmentation. After this initial stagewas completed, the user
wasable to click on a blood vesseland the isoperimetric algorithm wasrun
on the subgraph of the original volume de�ned by the initial, automatic,
segmentation. Application of the isoperimetric algorithm to this problem
often gives the correct answer after placement of one or two vesselseed
points. However, there were casesin which the vesselsegmentation \bled"
into the bone. To handle thesecircumstances,we allowed the user to enter
\b one" seedsas well. Inclusion of a bone seedat node, vi , had two e�ects:

1. Scalingthe di entry on the right hand sideof (1.11) by a large factor,
C >> 1. This scalinghas the e�ect of \pushing back" the solution to
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(a) Input (b) Seeds (c) Vessel

FIGURE 5. Isoperimetric algorithm applied to vessel/boneseparation. This prob-
lem is di�cult becausebone and vesselhave similar intensities and touch each
other (i.e., have a weak boundary) at several areas. (a) Original 3D image. (b)
User-speci�ed seedsof vessel(foreground) and bone (background). Seetext for
meaning of background seedsin this application. (c) Resulting segmentation ves-
sel segmentation.

(1.11) from node vi . Alternativ ely, the scalingmay alsobe interpreted
as an additional injection of current at vi in the circuit analogy of
the isoperimetric algorithm presented in [14].

2. Limiting the threshold, � , to � < x i . With this limit, the resulting
hard segmentation never encompassesthe bone seed.

The performanceof the isoperimetric algorithm is data dependent in this
semi-automatic application. However, the algorithm supported interactive
performance (sub-second) for the 64 � 64 � 64 sub-volumes used in our
application.

4 Conclusions

The three algorithms described in this section exhibit distinct behaviors
that make each suitable for a given problem. In practice, oncea particular
method is found to work well on a given problem without priors, priors are
then encoded or learned from examples to improve overall performance.
It remains a challenge to improve the computational e�ciency of these
techniques.Already we have seenperformanceimprovements of one to two
orders of magnitude by mapping the core solvers for these problems into
commodit y graphics hardware (GPU).
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