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Intr oduction
Regression function E(Y jX ) linear in the inputs X 1; : : : ; X p.

Developed in the precomputer age of statistics.

Simple, often adequate.

Outperform fancier non-linear models when
small numbers of training cases
low signal-to-noise ratio
sparse data

Generalizations - basis function methods.
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Outline
Least Squares

Gauss-Markov Theorem

Multiple Regression from Simple Univariate Regression

Subset Selection

Shrinkage Methods
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Least Squares - Recap
Predict a real-valued output Y for the vector of inputs
X = (X 1; X 2; : : : ; X p).

The linear regression model has the form
f (X ) = � 0 +

P p
j =1 X j � j .

Least Squares
Training data (x1; y1); : : : ; (xN ; yN ).

Each xi = (xi1; : : : ; xip )T is a vector of feature
measurements.
Pick coef�cients � = (� 0; � 1; : : : ; � p)T to minimize

RSS(� ) =
P N

i=1 (yi � f (xi ))2.

Criterion reasonable if yi 's are conditionally independent
given the inputs xi .
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Least Squares How-to? - Recap
X is the N � (p + 1) matrix with each row an input vector
(with a 1 in the �rst position), y is the N -vector of outputs.

Then, RSS(� ) = (y � X � )T (y � X � ).

Solving for � , we get �̂ = (X T X )� 1X T y (assume X is
nonsingular), and hence,

ŷ = X �̂ = X (X T X )� 1X T y:

Matrix H = X (X T X )� 1X T is the “hat” matrix.
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Least Squares - Geometr y

Column vectors of X form a subspace in RN called the
column space of X .

Minimize RSS(� ) � choose �̂ so that (y � ŷ ) is orthogonal to
this subspace.

Hence, ŷ is the orthogonal projection of y onto this
subspace.

H calculates this projection, H = projection matrix.
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Least Squares - Geometr y
Suppose columns of X not L.I.

X T X singular ) �̂ not uniquely de�ned.
More than one way to express the projection.

Nonfull rank case occurs most often when
Inputs coded redundantly - recode and/or drop redundant
columns.
p > N - reduce features by �lter ing or control �tting by
regularization.
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�̂ Proper ties
Assumption - yi are uncorrelated with constant variance � 2,
xi are non-random.

Var(�̂ ) = (X T X )� 1� 2, where � 2 is estimated (unbiased) by

�̂ 2 =
1

N � p � 1

NX

i=1

(yi � ŷi )2:

Additional assumptions - Y = � 0 +
P p

j =1 X j � j + � , where

� � N (0; � 2).

Then, �̂ � N (� ; (X T X )� 1� 2), a multivariate normal
distribution.

(N � p � 1)�̂ 2 � � 2� 2
N � p� 1 and �̂ and �̂ 2 statistically

independent.
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Z-score and F statistic

zj = �̂ j

�̂
p

vj
, where vj is the j th diagonal element of (X T X )� 1.

Under null hypothesis � j = 0, zj follows tN � p� 1.

Large absolute value of zj ) reject null hypothesis.

To test if a variable with k levels can be excluded,

F = (RSS0� RSS1)=(p1� p0)
RSS1=(N � p1� 1) , where subscripts 0 and 1 refer to

the smaller and bigger models respectively.
F measures change in RSS per additional parameter.
F has Fp1� p0;N � p1� 1 distr., null hypothesis being that the
smaller model is correct.
zj � F statistic for dropping the single coef�cient � j .
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Con�dence Inter vals for � j

(1 � 2� ) con�dence interval for � j :

(�̂ j � z(1� � )vj �̂ ; �̂ j + z(1� � )vj �̂ );

z1� � is the 1 � � percentile of normal distribution.

Approx con�dence set for the entire parameter vector �

C� = f � j(�̂ � � )T X T X (�̂ � � ) � �̂ 2� 2(1� � )
p+1 g

� 2
l

(1� � ) is the 1 � � percentile of the chi-squared distribution
with l degrees of freedom.
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Example: Prostrate Cancer
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Example: Prostrate Cancer

svi is binary and gleason is ordered categorical.

lcavol and lcp - strong relationship with lpsa and with
each other.

Z -score greater than 2 in absolute value is approx signi�cant
at the 5% level.
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Example: Prostrate Cancer

lcavol , lweight and svi show strong effects.

lcp not signi�cant, but strongly signi�cant in the absence of
lcavol .

F -statistic to drop age , lcp , gleason , pgg45 is 1.67.
Pr (F4;58 > 1:67) = 0:17 and hence not signi�cant.

Linear model reduces the base error rate by about 50%.
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The Gauss-Mark ov Theorem
Least square estimates (LSE) have the smallest variance
among linear unbiased estimates.

Consider � = aT � . aT �̂ is unbiased since E(aT �̂ ) = aT � .

Thm: For any ~� = cT y that is unbiased for aT �
(E(cT y) = aT � ),

Var(aT �̂ ) � Var(cT y):

M SE(~� ) = Var(~� ) + [E(~� ) � � ]2 (variance + squared bias).

Theorem ) LSE has the smallest MSE of all linear
estimators with no bias.

A biased estimator with a smaller MSE?
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Biased Estimates
Trade a little bias for a larger reduction in variance.

Shrink or set to zero some of the least squares coef�cients .

MSE related to prediction accuracy.

EPE of estimate ~f (x0) = xT
0

~� is

E(Y0 � ~f (x0))2 = � 2 + M SE( ~f (x0)):

MSE and EPE differ only by the variance of the new
observation.
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Multiple Linear Regression

For the univariate case y = (y1; : : : ; yN )T and
x = (x1; : : : ; xN )T , de�ne inner product as

hx; y i =
NX

i=1

xi yi = xT y

Then �̂ = hx ;y i
hx ;x i and r = y � x �̂ .

If inputs x1; : : : ; xp are orthogonal, multiple least square

estimates �̂ j are equal to hx j ;y i
hx j ;x j i

- the univariate estimates.

Observational data are orthogonalized.

Orthogonalization does not change the subspace, it just
produces an orthogonal basis.
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Successive Orthogonalization

Regress x2 on x1 means a simple univariate regression of x2
on x1 with no intercept.

Coef�cient 
̂ = hx 1;x 2i
hx 1;x 1i . It is the relative size of the

projection of x2 on x1.
Residual z = x2 � 
̂ x1, which is orthogonal to x1.
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Algorithm: Gram-Sc hmidt
1. Initialize z0 = x0 = 1.

2. For j = 1; 2; : : : ; p
Regress xj on z0; z1; : : : ; zj � 1 to produce coef�cients


̂ l j = hzl ;x j i
hzl ;zl i

; l = 0; 1; : : : ; j � 1 and residual vector

zj = xj �
P j � 1

k=0 
̂ kj zk� 1

3. Regress y on the residual zp to give the estimate �̂ p.
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Multiple Regression

The multiple regression coef�cient �̂ j represents the
additional contribution of x j on y, after x j has been adjusted
for x0; x1; : : : ; x j � 1; x j+ 1; : : : ; xp .

Alternate formula for variance estimates

Var(�̂ p) =
� 2

hzp; zpi
=

� 2

jjzpjj 2

If xp highly correlated with some xk's, zp will be close to zero
and �̂ p will be unstable.
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QR decomposition
Step 2 of Gram-Schmidt can be written as X = Z� , where Z
has as columns zj , � is the upper triangular matrix with
entries 
̂ kj .

Introduce the diagonal matrix D with j th diagonal entry jjzj jj ,
so that

X = ZD � 1D� = QR

Q is N � (p + 1) and orthogonal, R is (p + 1) � (p + 1) and
upper triangular.

Least squares solution given by �̂ = R � 1QT y and ŷ = QQ T y.
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Multiple Outputs
Multiple outputs Y1; Y2; : : : ; YK to be predicted from the inputs
X 0; X 1; : : : ; X p.

Assume a linear model for each output.

The model can be written as Y = XB + E, where Y is the
N � K response matrix, X is the N � (p + 1) input matrix, B
is the (p + 1) � K matrix of parameters and E is the N � K
matrix of errors.

The loss function is given by

RSS(B) =
KX

k=1

NX

i=1

(yik � f k(xi ))2 = tr [(Y � XB )T (Y � XB )]:

The least squares estimates are B̂ = (X T X )� 1X T Y .
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Correlated errors
If Cov(� ) = � (errors � = (� 1; : : : ; � K )), then the multivariate
weighted criterion is

RSS(B ; � ) =
NX

i=1

(yi � f (xi ))T � � 1(yi � f (xi )) :

f (x) is the vector function (f 1(x); : : : ; f K (x)) and yi is the
vector of K responses for observation i .
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Least Squares – good enough?
Two reasons why we are not satis�ed with least square
estimates:

Prediction accuracy – LSE often have low bias but large
variance. Prediction accuracy can be improved by
shrinking or setting some coef�cients to zero (Coef�cient
shrinkage).
Interpretation – From a large number of predictors, we
determine a smaller subset that exhibit the strongest
effects (Subset selection).
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Subset Selection - I
Best subset regression – for each k 2 f 0; 1; : : : ; pg, �nd the
subset of size k that gives the smallest RSS.

How to choose k? – tradeoff between bias and variance.
Choose model that minimizes an estimate of EPE.
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Subset Selection - II
Best subset regression not feasible for p > 40.

Forward stepwise selection sequentially adds the predictor
that most improves the �t.

Based on F = RSS(�̂ )� RSS( ~� )
RSS( ~� )=(N � k� 2)

.

Stop when no predictor produces an F -ratio greater than
the 90th or 95th percentile of F1;N � k� 2.

Backward stepwise selection starts with the full model, and
sequentially deletes predictors.

Drop the predictor producing the smallest value of F .
Can be used only when N > p.

Also, hybrid stepwise selection strategies.
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Shrinka ge Methods
Subset selection discrete and hence high variance.

Shrinkage methods more continuous.

Ridge Regression shrinks regression coef�cients by
imposing a penalty on their size.

�̂ r idge = argmin
� P N

i=1 (yi � � 0 �
P p

j =1 xij � j )2 + �
P p

j =1 � 2
j

	
.

� � 0 controls the amount of shrinkage.

The Lasso is similar to ridge

�̂ lasso = argmin
P N

i=1 (yi � � 0 �
P p

j =1 xij � j )2 subject to
P p

j =1 j� j j � t.

Quadratic programming algorithm. Kind of continuous
subset selection.

L2 ridge penalty =
P p

1 � 2
j ; L1 lasso penalty =

P p
1 j� j j.
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Ridg e Regression

In matrix form, RSS(� ) = (y � X � )T (y � X � ) + �� T � .

The solutions are �̂ r idge = (X T X + � I � 1)X T y.

For orthogonal inputs, the ridge estimates are scaled LSE,
i.e. �̂ r idge = 
 �̂ , where 0 � 
 � 1 is a simple function of � .
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Singular Value Decomposition

SVD of the N � p matrix X is X = UD V T , where U and V
are N � p and p � p orthogonal matrices.

Columns of U span the column space of X , and the columns
of V span the row space.

D is a p � p diagonal matrix, with diagonal entries
d1 � : : : � dp � 0 called the singular values of X .

Using SVD, the least squares �tted vector can be written as
X �̂ ls = UU T y.

U T y = coordinates of y w.r.t. the orthonormal basis U .
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Ridg e Regression
The ridge solutions are

X �̂ r idge =
pX

j =1

uj
d2

j

d2
j + �

uT
j y

Computes coordinates of y w.r.t. the orthonormal basis U
and then shrinks these by factors d2

j =(d2
j + � ).

Greater amount of shrinkage applied to basis vectors with
smaller d2

j .
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Principal Components

Eigen decomposition of X T X is VD 2V T .

Eigen vectors vj = principal component directions of X .

z1 = X v1 = u1d1 is the �rst principal component of X and has
the largest sample variance which is equal to d2

1=N .

u1 is the normalized �rst principal component.

Small singular value ) direction having small variance.
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Degrees of freedom

df (� ) = tr [X (X T X + � I )� 1X T ] =
P p

j =1
d2

j

d2
j + � .

df (0) = p and df (� ) ! 0 as � ! 1 .
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